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Chapter 2: Sequences Lecture notes Math
Section 1.1: Definition of a Sequence
Definition of a sequence
A sequence is a list of numbers: a1, a2, a3, . . ..
Ex.1 Examples of sequences
(1) an = n2
(2) an = n+ 1
(3) an = 1n
(4) an = (−1)n
Ex.2 Graphs of sequences
Determine the first 5 terms of each of the following sequences and draw their graphs.
(1) an = n2
(2) an = n+ 1
(3) an = 1n
(4) an = (−1)n
Section 1.2: Arithmetic and Geometric Sequences
Arithmetic sequences
A sequence is called arithmetic if the difference between a term and the next one is constant:
an = an−1 + d = a1 + (n− 1)d,
where d is the common difference.
Ex.1 Arithmetic sequences
Find the common difference and the 10th term of the following arithmetic sequences:
(1) 3, 5, 7, 9, . . .
(2) −2, 1, 4, 7, 10, 13, . . .
(3) 3, 8, 13, 18, . . .
(4) 10, 8, 6, 4, . . .
Geometric sequences
If a sequence of values follows a pattern of multiplying a fixed amount (not zero) times each term to arrive
at the following term, it is referred to as a geometric sequence:
an = an−1 · r = a1 · rn−1,
where the fixed amount multiplied r is called the common ratio.
Ex.2 Geometric sequences
Find the common ratio and the 10th term of the following geometric sequences:
(1) 5, 10, 20, 40, . . .
(2) −11, 22,−44, 88, . . .
(3) 4, 83 ,
16
9 ,
32
27 , . . .
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Section 1.3: Limit of a Sequence and Properties of Limits
Definition of limit of a sequence
A sequence has the limit L if, for any ε > 0, however small, there is some value N such that |an − L| < ε,
whenever n > N . Such a sequence is said to be convergent, and we write
lim
n→∞ an = L.
If the sequence does not have a limit, we say it is divergent.
A divergent sequence is said to be definitely divergent if either one of the following conditions holds:
(1) If for any (arbitrarily large) value of K there is N sufficiently large that an > K for any n > N , then
we say that the sequence is definitely divergent and
lim
n→∞ an = +∞.
(2) If for any (arbitrarily large) value of K there is N sufficiently large that an < −K for any n > N ,
then we say that the sequence is definitely divergent and
lim
n→∞ an = −∞.
Ex.1
The irrational number e is the limit of a sequence:
lim
n→∞
(
1 +
1
n
)n
= e ∼ 2.71828
Ex.2
Show that
lim
n→∞
1
n
= 0.
Ex.3
Show that the sequence an = (−1)n is divergent.
Ex.4
Show that the sequence an = 2n is definitely divergent.
Bounded and unbounded sequences
A sequence is bounded from above if there is some finite value of K such that for some N it follows that
an ≤ K for all n > N.
The smallest K that has this property is called the least upper bound.
A sequence is bounded from below if there is some finite value of K such that for some N it follows that
an ≥ K for all n > N.
The biggest K that satisfies this inequality is called greatest lower bound.
A sequence is unbounded if one or both of these conditions fails to hold and it is called bounded if both
conditions are satisfied.
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Ex.5
Determine if each sequence is unbounded, bounded from above, or bounded from below.
(1) an = 5n
(2) an = −n2
(3) (−2)n
Limit superior and limit inferior
The limit superior of a sequence an is the smallest real number b such that, for any positive real number ε,
there exists a natural number N such that an < b+ ε for all n > N . In other words, any number larger than
the limit superior is an eventual upper bound for the sequence.
The limit inferior of an is the largest real number b that, for any positive real number ε, there exists a natural
number N such that an > b − ε for all n > N . In other words, any number below the limit inferior is an
eventual lower bound for the sequence.
Ex.6
Let an = (−1)n · (n+ 1)/n. The odd terms a1, a3, a5, . . . increase to −1, while the even terms a2, a4, a6, . . .
decrease to +1, so
lim sup (−1)n(n+ 1)/n = +1 and lim inf (−1)n(n+ 1)/n = −1.
Monotonic sequences
A sequence is monotonically increasing if a1 < a2 < a3 · · · . A sequence is monotonically decreasing if a1 > a2 >
a3 · · · .
Theorem 1
A monotonic sequence is convergent if and only if it is bounded.
Ex.7
Using Theorem 1 prove that the sequence an = 1/2n is convergent.
Remarks
Notice that an unbounded sequence cannot have a limit, therefore it is not convergent. However, a bounded
sequence is not necessarily convergent. For example, (−1)n is bounded from above and from below, but it
is not convergent.
Cauchy’s Convergence Criterion
The sequence an converges if and only if for every ε > 0, there exists K such that |an − am| < ε whenever
n,m > K.
3
Chapter 2: Sequences Lecture notes Math
Theorem 2
Suppose that the two sequences an and bn are convergent with limits A and B respectively. It follows that:
(1) limn→∞ c · an = c ·A, for any constant c
(2) limn→∞(an ± bn) = A±B
(3) limn→∞ an · bn = A ·B
(4) if B 6= 0, limn→∞ an/bn = A/B
Theorem 3
Suppose that an is a convergent sequence with limit A and bn is a definitely divergent sequence with limit
+∞, and c is a constant. It follows that:
(1) limn→∞ c · bn = +∞, for c > 0 and limn→∞ c · bn = −∞, for c < 0
(2) limn→∞(an + bn) = +∞
(3) limn→∞(an − bn) = −∞
(4) limn→∞ an · bn = +∞, for A > 0 and limn→∞ an · bn = −∞, for A < 0
(5) limn→∞ c/bn = 0
(6) limn→∞ an/bn = 0
An analogous set of results applies for the case in which bn has limit −∞.
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Ex.8
Compute the following limits:
(1)
lim
n→∞
5
n
(2)
lim
n→∞
n
n+ 4
(3)
lim
n→∞ 3 +
1
n
(4)
lim
n→∞
(
− 1
2
)n
(5)
lim
n→∞
1
n2 + 6
(6)
lim
n→∞ 3n
2
(7)
lim
n→∞
2n+ 1
n2 + n
(8)
lim
n→∞
n
7
(9)
lim
n→∞
3 + 5n2
n+ n2
(10)
lim
n→∞
√
n
4− 6√n
(11)
lim
n→∞
2n
5n+1
(12)
lim
n→∞
5n3 − n2 − 15n
n!
where n! = n · (n− 1) · (n− 2) · · · 2 · 1
(13)
lim
n→∞
en + n22
n!
(14)
lim
n→∞
(n+ 2)!
n!
(15)
lim
n→∞
(
1 +
1
3n
)3n
(16)
lim
n→∞
(
1 +
1
3n
)−n
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Section 1.4: Applications: Sequences in Economics
Section 1.4.1: Simple versus Compound Interest
Simple interest and compound interest
The principal in financial formulas is the balance upon which interest is paid. Simple interest is interest paid
only on the original principal, and not on any interest added at later dates.
Compound interest is interest paid both on the original principal and on all interest that has been added to
the original principal.
Ex.1
You deposit $1000 in Honest John’s Money Holding Service, which promises to pay 5% interest each year.
At the end of the first year, Honest John’s sends a check for
5%× $1000 = $50
After 3 years you receive total interest of 3× $50 = $150. Hence, your original $1000 has grown in value
to $1150. This is an example of simple interest.
Ex.2
Suppose that you place the $1000 in a bank account that pays the same 5% interest each year as in Example
1, but instead of paying you the interest directly, the bank adds the interest to your account. At the end of
the first year, you have
$1000 + 5%× $1000 = $1050
After the second year you have
$1050 + 5%× $1050 = $1050 + $52.50 = $1102.50
After the third year you have
$1102.50 + 5%× $1102.50 = $1102.50 + $55.13 = $1157.63
This is an example of compound interest. Despite identical interest rates, you end up with $7.63 more if
you use the bank instead of Honest John’s.
Ex.3 Savings bond.
While banks almost always pay compound interest, bonds usually pay simple interest. Suppose you
invest $1000 in a savings bond that pays simple interest of 10% per year. How much total interest will
you receive in 5 years? If the bond paid compound interest would you receive more or less total interest?
Explain.
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Section 1.4.2: Compound Interest Formula
Compound interest formula
When interest is compounded just once a year, the interest rate is called the annual percentage rate (APR)
A = P × (1 + APR)Y
where
A = accumulated balance after Y years
P = starting principal
APR = annual percentage rate (as a decimal)
Y = number of years
Be sure to note that the annual interest rate (APR) should always be expressed as a decimal rather than a
percentage.
Ex.4
From Example 3 we get:
AFTER N YEARS INTEREST BALANCE
1 10%× 1000 = 100 1000 + 100 = 1100 = 1000× (1.1)
2 10%× 1100 = 110 1100 + 110 = 1210 = 1000× (1.1)2
3 10%× 1210 = 121 1210 + 121 = 1331 = 1000× (1.1)3
4 10%× 1331 = 133.1 1331 + 133.1 = 1464.1 = 1000× (1.1)4
5 10%× 1464.1 = 146.41 1464.1 + 146.41 = 1610.51 = 1000× (1.1)5
Using the formula:
A = $1000× (1 + 0.1)5 = $1000× (1.1)5 = $1610.51
Ex.5 Simple and compound interest.
You invest $100 in two accounts that each pay an interest rate of 10% per year. However, one account
pays simple interest and one account pays compound interest. Make a table that shows the growth of
each account over a 5 year period. Use the compound interest formula to verify the result in the table for
the compound interest case.
SIMPLE INTEREST ACCOUNT COMPOUND INTEREST ACCOUNT
End of year Interest Paid New Balance Interest Paid New Balance
1 10%× 100 = 10 100 + 10 = 110 10%× 100 = 10 100 + 10 = 110
2 10%× 100 = 10 110 + 10 = 120 10%× 110 = 11 110 + 11 = 121
3 10%× 100 = 10 120 + 10 = 130 10%× 121 = 12.1 121 + 12.1 = 133.1
4 10%× 100 = 10 130 + 10 = 140 10%× 133.1 = 13.31 133.1 + 13.1 = 146.41
5 10%× 100 = 10 140 + 10 = 150 10%× 1464.1 = 14.64 146.41 + 14.64 = 161.05
Ex.6 Mattress investments.
Your grandfather put $100 under his mattress 50 years ago. If he had instead invested it in a bank account
paying 3.5% interest compounded yearly, how much would it be worth now?
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Section 1.4.3: Compound Interest Paid More Than Once a Year
Compound interest paid more than once a year
If an interest is paid n times per year, the interest rate at each payment is APR. The total number of times
that interest is paid after Y years is nY . We therefore find the following formula for interest paid more than
once each year:
A = P ×
(
1 +
APR
n
)(nY )
where
A = accumulated balance after Y years
P = starting principal
APR = annual percentage rate (as a decimal)
n = number of compounding periods per year
Y = number of years
Note that Y is not necessarily an integer. For example, a calculation for three and half years would have
Y = 3.5.
Ex.7
Suppose you deposit $1000 into a bank that pays compound interest at an annual percentage rate of APR
= 8%. If your interest is paid all at once at the end of the year, you will receive interest of
8%× $1000 = $80.
Your year balance will be
$1000 + $80 = $1080.
Now, assume that the bank pays the interest quarterly, or four times a year (that is, once every 3 months).
The quarterly interest rate is one-fourth of the annual interest rate:
8%
4
= 2%.
The table shows how quarterly compounding affects the $1000 starting principal during the first year.
AFTER N QUARTERS INTEREST PAID NEW BALANCE
1st quarter (3 months) 2%× 1000 = 20 1000 + 20 = 1020
2nd quarter (6 months) 2%× 1020 = 20.40 1020 + 20.40 = 1040.40
3rd quarter (9 months) 2%× 1040 = 20.81 1040.40 + 20.81 = 1061.21
4st quarter (1 year) 2%× 1061.21 = 21.22 1061.21 + 21.22 = 1082.43
Using the formula, after one year
A = $1000× (1 + 0.02)4 = $1082.43.
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Section 1.4.4: Continuous Compounding
Continuous compounding
Compounding infinitely many times per year is called continuous compounding. It represents the best pos-
sible compounding for a particular APR. With continuous compounding, the compound interest formula
takes the following special form:
A = P × e(APR ×Y )
where
A = accumulated balance after Y years
P = starting principal
APR = annual percentage rate (as a decimal)
Y = number of years
The number e is a special irrational number with a value of e ∼ 2.71828.
Indeed,
A = lim
n→∞P ×
(
1 +
APR
n
)(nY )
= P × lim
n→∞
(
1 +
1
n
APR
) n
APR (APR ×Y ) = P × e(APR ×Y ).
Ex.8
You deposit $100 in an account with an APR of 8% and continuous compounding. How much will you
have after 10 years?
Section 1.4.5: Planning Ahead with Compound Interest
Ex.9
Suppose you could make a single deposit in an investment with an interest rate of APR = 5%, com-
pounded annually, and leave it there for the next 18 years. How much would you have to deposit now to
realize $100, 000 after 18 years?
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QUESTIONS AND PROBLEMS
(1) What is a sequence?
(2) What does it mean for a sequence to be bounded?
(3) What does it mean for a sequence to have a limit?
(4) What does it mean for a sequence to be monotonically decreasing or increasing?
(5) Why is the boundedness not sufficient for a sequence to have a limit unless the sequence is mono-
tonically increasing or decreasing?
(6) Write the Cauchy’s Convergence Criterion.
(7) Determine the first 7 terms of each of the following sequences and draw their graphs.
(a) an = 1n2
(b) an = 2 + [(−1)nn]
(c) an = n3n+1
(d) an = 4 + 1n
(e) an = 4− 1n
(8) Determine the limit, if one exists, for each sequence in the previous question.
(9) Prove that the sequence an = −2n is divergent.
(10) Compute the following limits:
(a)
lim
n→∞−
2
n
+ 14
(b)
lim
n→∞
7n
n2 + 4n3
(c)
lim
n→∞(−
4
9
)n
(d)
lim
n→∞
8
n7 + 2
(e)
lim
n→∞n
2e−n
(f)
lim
n→∞
2n2 + 1
n2 + 44n− 56
(g)
lim
n→∞
2 + 5n4
n− n3 + 6n4
(h)
lim
n→∞
5
√
n
1 + 2
√
n
(i)
lim
n→∞
3n+2
2n+1
(j)
lim
n→∞
2n + n12 + n!
4n
(k)
lim
n→∞
(n+ 1)!− 3n5 + 14n− 1
n+ 1
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(l)
lim
n→∞
(
1 +
1
2n
)5n
(11) Find the present value of $100 to be received three years from now, assuming annual compounding
of interest, given an interest rate of 12%.
(12) You deposit $5000 in a bank account that pays an APR of 3% and compound interest monthly. How
much money will you have after 5 years? Compare this amount to the amount you would have if
interest were paid only once per year.
(13) If the interest rate is 10%, how much money would one need to receive now to be equivalent to $1
million received two years from now if:
(a) Interest is compounded annually?
(b) Interest is compounded semiannually?
(c) Interest is compounded monthly?
(d) Interest is compounded continuously?
(14) Suppose a country with a current population of 100 million is expected to experience a population
growth rate of 2% per year for the next 50 years. Assuming continuous compounding, what is the
expected size of the population
(a) 5 years from now?
(b) 10 years from now?
(c) 15 years from now?
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